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We present new results for thermodynamic properties and viscosities of pure dumbbell fluids, 
spherical/dumbbell mixtures, and dumbbell/dumbbell mixtures. It is evident that the interaction 
between dumbbell molecules is less attractive than that between spherical molecules which leads 
to lower viscosities. The shear viscosities and the LJ energies of both spherical Ar/dumbbell Kr 
(case B) and dumbbell Ar/dumbhell Kr (case C) are described quite well by the liquid mixture 
expression. The ideality in case C is much better than in case B which is consistent with the idea 
that dumhbell/dumbbell mixtures are likely to be more ideal than spherical/dumbbell mixtures. 
But the mixture pressures of the spherical/dumbbell mixture (case B) are described accurately by 
the ideal liquid mixture expression while those of the dumbbell/dumbbell mixture (case C) are 
not, which is not consistent with the better ideality of case C in the shear viscosity and the LJ 
energy than case B. 

Keywords: Shear viscosity; Molecular shape; Non-equilibrium 

I. INTRODUCTION 

In previous papers [ 1 - 41, we reported non-equilibrium molecular dynamics 
(NEMD) calculations of shear viscosities of pure argon and krypton liquids 
using Lennard-Jones(LJ) and Barker-Fisher Watts(BFW) potentials [S, 61 
without considering a three-body potential, and argon/krypton mixtures 

*Corresponding author. 

139 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
1
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



140 S. H. LEE AND P. T. CUMMINGS 

using LJ potential [l], pure argon liquid using the highly accurate BFW 
model both with and without the Axilrod-Teller [7] three-body potential [2], 
and pure dipolar fluids, nonpolar/polar fluid mixtures, and polar/polar fluid 
mixtures using LJ plus Stockmayer [8] potentials [3], and pure quadrupolar 
fluids, a pure dipolar quadrupolar fluid, nonquadrupolar/quadrupolar 
mixtures, and quadrupolar/quadrupolar mixtures [4]. The goal of theses 
studies was to clearly delineate the effect of dipolar and quadrupolar inter- 
actions on the shear viscosity. Continuing those studies here, we present new 
results for thermodynamic properties and viscosities of several shapes of 
dumbbell. By comparing the computed shear viscosity with those from 
earlier studies, the effect of nonlinear shape on the shear viscosity can be 
evaluated. 

In Section 11, we present the brief intermolecular potentials and NEMD 
algorithm used to calculate the shear viscosity. The results of our simu- 
lations are discussed in Section 111. 

11. SIMULATION DETAILS 

The dumbbell molecule is modeled as an atom-atom or site-site model of 
a diatomic molecule. The total interaction is a sum of pairwise contributions 
from distinct atoms a in molecule i, at position ria, and b in moleculej, at 
position rib: 

a=l b=l 

where Tab is the inter-site separation rub = lriu-rjb( and uub is the pair 
potential acting between sites a and b: 

Here od and &d are the Lennard-Jones (LJ) parameters for the dumbbell 
molecule. The interatomic separation in a dumbbell, 1, is chosen such as 
the volume of the dumbbell molecule is the same as that of a sphere of 
diameter us. Since the volume of a dumbbell of two spheres of diameter o d  is 
given by 
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SHAPE EFFECT ON SHEAR VISCOSITY 141 

for a given interatomic separation I=Lud, ffd is determined by equating 
v d =  V,, and can be expressed in the form of f f d =  cu,. In this study, we have 
chosen as L=O, 115, 113, and 112, and c is determined as 1.0,0.9172,0.8772, 
and 0.8399, respectively. The other LJ parameter &d is chosen as ~ , /4 .  The LJ 
parameters, a, and E,, for spherical Ar and spherical Kr are given in Table I. 
All simulations were carried on 108 molecules fully equilibrated for at least 
300,000 time steps of 10 - l 5  second(1 fs). The intermolecular potentials were 
subject to spherical cutoffs as follows: the cutoff distance was 2.25 gAr for 
pure dumbbell Ar, and 2.25 for pure fluids and mixtures containing 
dumbbell Kr. 

All simulations reported in this paper was performed in a canonical 
ensemble. The isochoric isokinetic (NVT) sllod algorithm is obtained simply 
by putting K' = 0 in the isobaric isokinetic (NpT) sllod algorithm [3]. The 
equations of motion for this algorithm are given by 

dri p i  
dt mi 

= - + riP u - 

- dpi = Fi - pi .  Vu - api 
dt 

TABLE I LJ parameters for Ar/Ar, Kr/Kr, and Ar/Kr 
interactions 

Interaction Us$ 1 E,lks("K) 
Ar/Ar 3.405 119.8 
Kr/Kr 3.633 167.0 
ArIKr 3.519 141.4 
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142 S. H. LEE AND P. T. CUMMINGS 

In Eqs. (4a) and (4b), ri, mi, and pi are the position, mass, and momentum 
respectively of molecule i, Fi is the force exerted by the other molecules on 
molecule i, u = (u,, 0,O) with u, = "yy is the velocity field corresponding to 
planar Couette flow. In Eqs. (5a)-(5e), Li is the angular momentum of 
molecule i and Ti is the torque on molecule i in the laboratory frame, the 
superscript p denotes a quantity in the principal axis frame of a molecule, Ai 
is the rotation matrix which transforms vectors from the laboratory frame 
to the principal axis frame of molecule i, the elements of Ai are given by Eq. 
(5e), Zi, is the moment of inertia of molecule i and qia (a  = 1,2,3,4) are the 
quaternion parameters related to the Euler angles describing the orientation 
of molecule i in the laboratory frame 

elx = 2(qi2 qi3 - qil qi4) (6a) 

where ei, (a  = x, y ,  z )  are the components of is the orientational unit vector 
of molecule i. Note that the quaternions satisfy the normalization q:l + d2+ 
q!3 + q;4 = 1 .  The use of quaternions lead to singularity free equations of 
motion [9,10]. The parameter a! is the thermostating constant, given by 

The effect of the thermostating term involving ap,  in Eq. (4b) is to hold the 
translational kinetic energy constant. The functional form of this term is 
derived by Gauss's principle of least constraint. The momenta in Eqs. (5a) 
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SHAPE EFFECT ON SHEAR VISCOSITY 143 

and (5b) are measured with respect to the streaming velocity of the fluid and 
are known as peculiar momenta. The pressure is the trace of the pressure 
tensor P, which is expressed in terms of molecular quantity by 

N 

where V is the volume of the system and is the force between molecules i 
and j .  

These equations of motion are combined with the Lees-Edwards “sliding 
brick” boundary conditions [ll]. In the absence of the thermostat and the 
isobaric constraint, the terms in Eqs. (4a) and (4b) involving the strain field, 
Vu, cancel to yield Newton’s equations of motion relating ri and F i .  This 
implies that the sllod algorithm truly generates boundary driven planar 
Couette flow, leading to the conclusion that it is correct to arbitrary order 
in the strain rate [12]. In order to obtain a good signal-to-noise ratio, with 
NEMD it is necessary to use strain rates g which are high enough to cause 
the shear viscosity to be strain rate dependent. In order to compute the shear 
viscosity of a Newtonian fluid using the sllod algorithm, after the simulation 
reaches the steady state at a given strain rate y one computes and averages 
the pressure tensor defined in Eq. (8). The strain rate dependent shear 
viscosity is then obtained from Newton’s law of viscosity 

where pxy and pyx are the averaged xy and yx components of P. From 
kinetic and mode coupling theories, it is known [13 - 151 that to leading 
order the strain rate dependence of the shear viscosity is linear in y1I2. 
Hence, to apply the sllod algorithm to a Newtonian fluid, one performs 
several simulations at differing strain rates g and fits the resulting strain 
dependent viscosities to the equation 

The zero strain rate extrapolation of q, v(O), is thus the Newtonian viscosity. 

111. RESULTS 

The results are summarized in Table I1 for the pure dumbbell Ar system at 
T= 135 K and p =  1.034g/cm3 and in Table I11 for the pure dumbbell Kr 
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146 S. H. LEE AND P. T. CUMMINGS 

system at the same simulation state point. The pressure, LJ energy, and 
shear viscosity are reported as a function of strain rate (7). The shear 
viscosity is shown as a function of y1l2 for the pure dumbbell Ar in Figure 1 
and for the pure dumbbell Kr in Figure 2. The trend of the computed 
viscosities as a function of yl/* for both pure dumbbell systems is almost the 
same as that for both pure spherical systems [l]: the computed viscosities fit 
the theoretical relationship, Eq. (lo), quite well, and the slopes of viscosities 
against y''2 for the pure dumbbell Kr systems are much steeper than those 
for the pure dumbbell Ar systems. The second feature is mainly due to the 
slopes of viscosities for the spherical Ar and Kr as shown in the cases of 
L=O in Figures 1 and 2. 

The zero strain rate extrapolations of the shear viscosity, shown as least- 
squares fitted straight lines in Figures 1 and 2, are used to determine the 
values of the shear viscosity which are reported in Table IV for the pure 
dumbbell Ar and Table V for the pure dumbbell Kr. Also presented in 
Tables IV and V are the density and energy as a function of interatomic 
separation at T = 135 K and p = 1.034 g/cm3. The ratio (v/vo) of the shear 
viscosity of the pure dumbbell systems (7) to that of the spherical system (77,) 
is also listed in Tables IV and V. As L increases from zero (spherical Ar) 
to l/5, 1/3, and 1/2 (dumbbell Ar), the LJ energy decreases, indicating 

850  

800 

750 

700 

77 650  

600  

550 

500 

450 
0 0.2 0.4 0.6 0.8 1 

Y "* 
FIGURE 1 Shear viscosities (7 in units of 10-7N.s/m2) for pure dumbbell Ar system 
as a function of the square root of the strain rate (y in units of ps - "*) at T =  135 K and p = 
1.034g/cm3. The straight lines are least squared linear fits to the simulation results. 
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3500 

3000 

2500 

77 

2000 

1500 

1000 
0 0.2 0.4 0.6 0.8 1 

Y"z 
FIGURE 2 Shear viscosities (11 in units of 1O-'N.s/m2) for pure dumbbell Kr system 
as a function of the square root of the strain rate (y in units of ps-'") at T= 135 K and p= 
2.315g/cm3. The straight lines are least squared linear fits to the simulation results. 

TABLE IV The pressure, LJ energy, and viscosity of the pure dumbbell Ar 
system as a function of iteratomic separation at T= 135 K and p= 1.034g/cm3. 
Units and symbols are defined in Table I1 (7 is obtained from least-squares 
linear fits to the simulation results) 

Proper ties L P - ELJ 11 a/% 
NVT MD 0 5.6 4.212 830.2 1 .oooo 
NVT MD 1/5 110.5 3.021 622.7 0.7501 

273.6 2.436 601.3 0.7243 
426.6 1.977 577.0 0.6950 

NVT MD 1/3 
NVT MD 112 

TABLE V The pressure, LJ energy, and viscosity of the pure dumbbell Kr 
system as a function of interatomic separation at T= 135 K and p = 2.315 g/cm3. 
Units and symbols are defined in Table I1 (7 is obtained from least-squares 
linear fits to the simulation results) 

Properties L P - E u  11 111110 

NVT MD 0 20.1 7.898 3339 1 .oooo 
NVT MD 115 30.4 5.697 1720 0.5151 

290.3 4.632 1552 0.4648 
626.0 3.763 1501 0.4495 NVT MD 1 12 

NVT MD 113 

dumbbell molecules repel each other, and this causes the pressure to 
decrease and consequently the shear viscosity to decrease. This result is 
expected from the experimental observation that the viscosity of normal 
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Dumbbell A 
0.9 F l :  
0.8 1 - 

b 

q h o  0.7 t 
0.6 1 - 

0.5 1 e - 
rn 

butane is less than that of isobutane. In Figure 3, The ratio (7/q0) of the 
shear viscosity of the pure dumbbell systems (7) to that of the spherical 
system (7,) is shown as a function of interatomic separation, L. It is 
apparent that the shear viscosity ratio for both pure dumbbell systems is 
essentially linearly decreased with increasing L except L = 0, with a slightly 
large slope in the case of dumbbell Kr. 

The strain rate dependent pressures, LJ energies, and viscosities of two 
mixtures - spherical Ar/dumbbell Kr system ( L K ,  = 1/2, referred to as case 
B) and dumbbell Ar/dumbbell Kr (LAr = l /5 and QKr = 1/2, referred to as 
case C) - are given in Tables VI and VII increasing in steps of 1/6 in the 
dumbbell Kr mole fraction x. The densities for both mixtures are 
determined by p = [(I - x ) p ~ ~ + x p ~ ~ ] .  The viscosities of both mixture 
systems are plotted as a function of square root of strain rate, y”*, in 
Figures 4 and 5. As in the case of spherical mixture system [I], the compu- 
ted viscosities for both dumbbell systems fit the theoretical relationship, 
Eq. (lo), quite well. The zero strain rate extrapolations of the shear viscos- 
ity, shown as least-squares fitted straight lines in Figures 4 and 5, are used to 
determine the values of the shear viscosity reported in Table VIII for the 
spherical/dumbbell mixture and Table IX for the dumbbell/dumbbell mix- 
ture along with pressures and LJ energies as a function of mole fraction of 
dumbbell Kr. 

The composition dependent shear viscosities, LJ energies, and pressures 
for the two mixtures (cases B and C) are shown in Figures 6-8 .  For ideal 
liquid mixtures, the linear dependence of the properties on composition 
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1 /2 

Y 
FIGURE 4 Strain rate dependence of the shear viscosities (7 in units of 10 ~ ’ N .  s/m2) for 
spherical Ar/dumbbell Kr ( L  = 1/2) mixture as a function of the square root of the strain rate 
(y in units of PS-’’~) at T= 135K and p=(1.034(1-x)+2.315x)g/cm3. The straight lines are 
least squared linear fits to the simulation results. 

would be expected, i.e., 

where P is 7, E, and p .  From Figure 6 it is clear that for both spherical/ 
dumbbell (case B) and dumbbell/dumbbell (case C), the viscosities are 
described quite well by the ideal liquid mixture expression. The ideality in 
case C is much better than in case B which is consistent with the idea that 
dumbbell/dumbbell mixtures are likely to be more ideal than spherical/ 
dumbbell mixtures. 

The LJ energies for each case are shown in Figure 7 as a function of the 
dumbbell Kr mole fraction x. The LJ energies for both case B and case C are 
described quite well by the ideal liquid mixture expression. The ideality in 
case C is also much better than in case B due to the same idea. As x increases 
from 0 (pure spherical Ar) to 1 (pure dumbbell Kr) in case B, the LJ energy 
decreases, but the pressure and the viscosity increase while as x increases 
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FIGURE 5 Strain rate dependence of the shear viscosities (7 in units of 10-7N.s/m2) for 
dumbbell Ar ( L  = 1/5)/dumbbell Kr (L  = 1/2) mixture as a function of the square root of the 
strainrate(yinunitsofps-”’)at T= 135K andp=(1.034(1 -x)+2.315x)g/cm3. Thestraight 
lines are least squared linear fits to the simulation results. 

TABLE VIII The pressure, LJ energy, and viscosity 
of spherical Ar/dumbbell Kr (L= 112) mixture as a 
function of dumbbell Kr mole fraction x at 
T= 135K and p=(1.034(1 -x)+2.315x)g/cm3. 
Units and symbols are defined in Table I1 

1 626.0 3.763 1501 
516 517.4 3.869 1408 

388.5 3.978 1337 
280.9 4.065 1207 
185.1 4.137 1112 
93.3 4.193 1034 

213 
1 /2 

1/6 
113 

5.6 4.212 830.2 0 

from 0 (pure dumbbell Ar) to 1 (pure dumbbell Kr) in case C ,  the LJ energy, 
the pressure, and the viscosity increase. 

The mixture pressures are shown in Figure 8 for both cases along with the 
ideal liquid mixture prediction. The spherical/dumbbell mixture (case B) is 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
1
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



TABLE IX The pressure, LJ energy, and viscosity 
of dumbbell Ar (L= 1/5)/dumbell Kr (L= 1/2) mix- 
ture as a function of dumbbell Kr mole fraction x 
at T= 135K and p=(1.034(1 -x)+2.315x)g/cm3. 
Units and symbols are defined in Table I1 

X P - ELJ rl 

1 626.0 3.763 1501 
516 527.4 3.643 1353 

386.3 3.541 1153 
309.6 3.416 998.7 
236.9 3.300 893.0 
167.0 3.168 802.8 
110.5 3.021 622.7 

213 
112 
1 /3 
116 
0 

1400 

1200 

1000 
rl 

800 

600 
0.0 0.2 0.4 0.6 0.8 1.0 

X 

FIGURE 6 Composition dependence of the shear viscosity of Ar/Kr mixtures (B: spherical/ 
dumbbell, C: dumbbell/dumbbell). In each case, the straight line is the linear dependence 
expected in the case of ideal liquid mixtures. 
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0.0 0.2 0.4 0.6 0.8 1.0 
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FIGURE 7 Composition dependence of the LJ energy of Ar/Kr mixtures (B: spherical/ 
dumbbell, C: dumbbell/dumbbell). In each case, the straight line is the linear dependence 
expected in the case of ideal liquid mixtures. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
1
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



154 

700 

600 

500 

400 

300 
$ 

s 200 

S. H. LEE AND P. T. CUMMINGS 

100 

0 
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FIGURE 8 Composition dependence of the pressure of Ar/Kr mixtures (B: spherical/dumbbell, 
C: dumbbell/dumbbell). In each case, the straight line is the linear dependence expected in the 
case of ideal liquid mixtures. The dashed line is the exponential model described in the text. 

described accurately by the ideal liquid mixture expression while the 
dumbbell/dumbbell mixture (case C) is not. This is not consistent with the 
better ideality of case C in the shear viscosity and the LJ energy than case B. 
A common engineering correlation for liquid mixture viscosities is given by 
[I61 

The dashed curves in Figure 8 represent the prediction of Eq. (12). In the 
case of dumbbell/dumbbell mixtures, the pressures are described well by the 
logarithmic relationship. 

IV. CONCLUSION 

It is evident from all the results presented in this paper that the interaction 
between dumbbell molecules is less attractive than that between spherical 
molecules which leads to lower viscosities as was observed in the 
experimental fact that the viscosity of normal alkanes is less than that of 
branched alkanes. From the results of NEMD for two mixtures - spherical 
Ar/dumbbell Kr system (case B) and dumbbell Ar/dumbbell Kr (case C) ,  the 
viscosities and the LJ energies of both mixture systems are described quite 
well by the liquid mixture expression. The ideality in case C is much better 
than in case B which is consistent with the idea that dumbbell/dumbbell 
mixtures are likely to be more ideal than spherical/dumbbell mixtures. 
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But the mixture pressures of the spherical/dumbbell mixture (case B) are 
described accurately by the ideal liquid mixture expression while those of 
the dumbbell/dumbbell mixture (case C) are not, which is not consistent 
with the better ideality of case C in the shear viscosity and the LJ energy 
than case B. In the case of dumbbell/dumbbell mixtures, the pressures are 
described well by the logarithmic dependence on the dumbbell Kr mole 
fraction x. 
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